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Abstract: The supersymmetric flow equations describing the flow of moduli from 
infinity to the black hole horizon, and vice versa, are derived in the five-dimensional 
theories where the moduli space of the very special geometry has disjoint branches. 
The multiple solutions are derived from the 'off the horizon' attractor equation. 
Within each branch, the black hole entropy, as usual, depends only on the near 
horizon attractor values of moduli, i.e. the entropy depends on the charges and 
on coefficients of the cubic polynomial. It does not depend on the values of the 
moduli fields at infinity. However, the entropy, as well as the near horizon values 
of the moduli fields, are shown to depend on the choice of the branch specified by 
the choice of the set of moduli at infinity. We present examples of BPS black hole 
solutions with the same Qi and Cjjk, whose entropies differ significantly. 
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1. During the last decade supersymmetric black holes played an important role 
in setting up the issues of the fundamental theory, including gravity. For example, 
an important property of the supersymmetric black holes is the manifest symmetry 
under [/-duality transformations. The explanation of this fact from the point of view 
of type IIA string theory requires first to promote it to an 11-dimensional theory and 
afterwards to compactify it on a torus. Not much is known about 11-dimensional 
M theory, but the existence of [/-duality invariant BPS states, like supersymmetric 
black holes, helps to explore the non-perturbative string/M-theory. 

The purpose of this note is to present some new, previously unexplored features 
of supersymmetric black hole entropy: its non-uniqueness in theories with disjoint 
branches of the moduli space. The existence of multiple critical points relevant to 
BPS black holes in the theories with the same electric charges but disjoint branches 
of moduli space was already established before 0. 

The issue of the non-uniqueness of the supersymmetric black hole entropy was 
raised in || in the context of black holes of Calabi-Yau spaces. Here we consider 
arbitrary d=5, N=2 supergravity theory ||, the moduli space is not symmetric, in 
general. We put no restrictions on Chern-Simons couplings Cjjk'- the supersymmetry 
is valid for all these generic theories. In some cases they may be interpreted as Calabi- 
Yau intersection numbers. The uniqueness of the entropy in the theories where the 
moduli space has only one branch with the positive metric to large extent follows from 
the fact, established in [|J, that the entropy is a minimum of the BPS mass. 1 The 
existence of disjoint branches of the moduli space of five- dimensional supergravity 
[||] was first pointed out in ||. 

In the context of gauged supergravity the disjoint branches of moduli space were 
studied in J?], |TJ. An important feature of these branches is that not only the metric 
of scalar fields but also the metric of vector fields is positive-definite 0, which 
means that these branches are quite legitimate. In particular, we have found different 
AdSc, branches with equal values of the cosmological constant, which is one of the 
necessary conditions for realization of a supersymmetric generalization of the one- 
brane Randall-Sundrum scenario ||. However, we were able to show (see also 0) 
that all interpolating domain wall solutions (not only BPS states) in a broad class 
of supersymmetric models studied in M are not of the Randall-Sundrum type. 

In this paper we will present the complete black hole solutions, i.e. define the 
moduli and the metric and the vector fields of the black holes everywhere, not only 
at the critical point near the horizon. There will be at least two solutions depending 
on the same harmonic functions, one with the central charge Z positive and the other 
with the central charge Z negative. This will explain the multivalued nature of the 
black hole entropy. 

1 Recently a detailed derivation of the uniqueness of the BPS black hole entropy was performed 
m g. The claim was also made that the entropy is always unique. The argument, however, is 
based on an assumption that the moduli space consists of a single branch. 
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We study the five dimensional N=2 ungauged supergravity interacting with n 
abelian vector multiplets || |{|. The supersymmetric black hole solutions of this 
theory in the context of the very special geometry were studied in ]10], A general 
ansatz for the black hole solution with positive central charge Z was proposed in [O]. 
The ansatz is given in terms of n+1 harmonic functions, Kj = ki + Qj/r 2 . It provides 
an explicit black hole solution only in cases when the solution of the stabilization- 
type equations CurY j Y k = Kj is available. Stabilization equations in general 
are known to define the values of the moduli near the black hole horizon [13, [14]]. 



The specific form of stabilization equations in N=2 d=5 supergravity interacting with 
vector multiplets, CukY j Y k = Qi, was found in [|TIJ. It gives the values of the fixed 
scalars near the horizon. An analogous equation is also a part of the stabilization 
equations in d=4 N=2 theory with a cubic prepotential |15| relevant to Calabi-Yau 
black holes. 

We will present below an ansatz for the black hole solutions with both positive 
and negative central charges Z = X^^Qj. The surprising feature of it is that 
sometimes both solutions with positive and negative central charges (graviphoton 
charges) occur for the same choice of harmonic functions and in particular for the 
same individual vector fields charges Qj. 

The reason why it is surprising to have a central charge, i.e. the graviphoton 
charge, both positive and negative for the same charges of the vector fields Qi is the 
following. The graviphoton charge is given by the moduli dependent combination 
Z = X I (<fi)Qi of the individual vector fields charges Qj. If there are no vector 
multiplets and 1 = 0, the graviphoton charge is equal to the usual charge Z = Q . 
The central charge is positive for positive Qq and negative for negative Q$. In the 
first case we have M = Z, in the second case M = —Z. In presence of moduli, as 
shown in Jl|] it is possible to have both values of Z without changing the sign of Qj. 
After having observed this unusual situation near the critical point we would like to 
show the full solution with such properties. 



2. The very special geometry of five- dimensional supergravity emerges because 
the independent moduli <f) 1 , i = 1, . . . ,n are coordinates describing some cubic hy- 
per surf ace 

V = \c IJK X I X J X K = 1 , / = 0, 1, . . . , n. (1) 
o 

The five- dimensional bosonic N=2 Lagrangian is: 

e-'C = ~R - -GuF.jF^ - \g l3 d^d^ + ^ e ^C IJK F^A k x . (2) 
The gauge coupling metric Gu and the moduli space metric gij are 

GiM = -^^7^( lnV )lv=i > 9tj{4) = GudiX 1 ^^ . (3) 



2 



We are looking for the electrically charges black holes with the metric 



ds 2 = - e ~W dt 2 + e 2U^2 (4) 

The Chern-Simons term does not contribute to electric configuration where only 
are not vanishing. We introduce a function Z = X I GijF^ ir and a function 
Zi = diX 1 G\jF^ r and consider configurations for which Zi = d{Z. The action can 
be rewritten in a nice BPS form. 



E — — dr+°°£ 



— oo 



+00 

dr 



• (5) 



Here we used the moduli space vielbein /" where /®/,-5 & = g%j- The analogous form 
of the action in case of 4-dimensional black holes was found in One can use either 
supersymmetry or just very special geometry to derive eq. @. 

The first order flow equations which define the evolution of the metric function 
U(r) and of the moduli <j) l (r) follow from this action 

au ± i tl , z= «^ ± i^ = . (6) 

Or 3 or 2 

Solutions of these equations with the boundary conditions for which the surface term 
vanishes saturate the BPS bound. The solutions are given by 

ds 2 = -e- AU dt 2 + e 2U (dx) 2 , (7) 
GuFL = \e- W d m Kj , (8) 

e 2U = ± 1 -X I K I . (9) 
o 

Here Kj is a harmonic function, 

Q 



K I = kj + ^, (10) 



and the moduli X 7 (0) are real and have to satisfy the 'off the horizon' attractor 
equation 



±e 2U C IJK X J X K = Kj . {II) 



The ansatz with the upper sign is the one found by Sabra |T2| . The appearance of 
the second solution with the minus sign for the same choice of the harmonic function 
is new since we are not changing Ki to — Kj. It is clear from eq. @ that e 2U must 
be everywhere positive since it is a component of the space-time metric. Still the 
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combination X ! Ki can be either positive or negative: only in such cases our ansatz 
gives a consistent solution. Both cases may exist as we will see soon. 

Near the black hole horizon our 'off the horizon' attractor equation (|TT|) reduces 
to the near horizon attractor equation 

^C IJK X J X K = Qj. (12) 
o 

To see this one has to use the fact that at r — > the metric tends to e 2U — > ^a° r ■ 
If we absorb the central charge into the redefinition of the moduli near the 



horizon, X 1 = Z^/QX 1 , we may bring the near horizon stabilization equation to 
the form 

ClJK^hor^hor = Ql (13) 

In this form it was studied extensively in (JTTJ and, for the multivalued central 
charge Z, in Q. 

The multivalued nature of the black hole entropy was discussed in on the 
basis of the near horizon attractor equation (0). At least 2 different solutions may 
exist: one with positive Z and another one with negative Z. The fields X 1 may be 
real and imaginary, in what follows we will denote them by Yj e and Y-L, respectively. 



+\Z hor )\/6 X{ or = F/ e (r = 0) , sJ-\Z hor \/6 X[ or = Y^r = 0) . (14) 

In the first case the redefined field is real, in the second case it is imaginary. However, 
the moduli X 1 in both cases is real. The near horizon equations take the form 

CijKY/ e Y% = Qi , CukY^Y^ — Qi . (15) 

Even more solutions may exist in many-moduli case, particularly if the stabi- 
lization equations ([13] have more solutions for which the metric of the moduli space 
and the one for the vector space are positive-definite. We will see now how all of this 
generalizes for the full black hole solution. First we redefine the fields in eq. ([Tl|). 
We introduce V ±e 2C/ X 7 = X / (r). In terms of these variables the 'off the horizon' 
attractor equation takes the form: 

C IJK X J (r)X K (r) = Kj(r) . (16) 

Introduce 



V^X 1 = Y r {(r) , V-e^X' = F/ m (r) . (17) 
The off the horizon attractor equations take the form 

C IJK Y r i(r)Y r K e (r) = Kj(r) , C IJK Y/ m (r)Y«(r) = Kj(r) . (18) 

Here again we will be looking for the solutions of the stabilization equations 
with both real and imaginary Y 1 which correspond to real X 1 . Note that after 
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the field redefinition the off the horizon equations (|T8| ) look exactly as the near 
horizon equations ([15]) but now the moduli Y{r) are defined by its solutions via Ki{r) 
everywhere at all values of r and not only at r = 0. Still the solutions of the attractor 
equations for Y^ e (r) and Y/^r) in terms of the harmonic functions Kj(r) are precisely 
the same as in the near horizon cases the solutions for Y^ e (r = 0) and Y/ m (r = 0) 
in terms of the constants Qi. This means that in all cases when these equations 
near horizon were solved (or will be solved eventually), and multiple solutions are 
available near the horizon, the multivalued black hole solution are obtained simply 
by replacing the constants Qi with the harmonic functions Kj(r). In particular, 
using examples of solutions with both real and imaginary values of y 7 (r = 0) given 
in 0, we will find below the full black hole solutions with both real and imaginary 
y 7 (r) and two values of real X 7 (r). 

Thus, to find the black hole solutions in these theories one should explicitly solve 
the algebraic attractor equations. The metric will be obtained straightforwardly from 
such solutions. 

There is an interesting property of our attractor equations at r — > oo. Since the 
parameters of the solutions are given by harmonic functions Hj the values of moduli 
at r — > oo are not free: rather we have to solve the stabilization equation at r — > oo 
to find the values of the moduli there. 

CljK(Y r iXre)r^oo = ki , C iJK(¥i w ¥to£)r-+oo = ki • (19) 

There is a restriction on the choice of fcj for a given Cuk such that for both solutions 
e 2U — > 1 at r — > oo: 

e^ = i-(0^ = l. (20) 

The double extreme black holes are the ones with constant moduli. To find 
such we may choose kj = aQi and all harmonic functions will have the factorizable 
dependence on r of the form Kj = + a/r 2 ). The moduli fields if chosen e. g. as 
the ratio of X 1 /X° will be r-independent for such solutions and the metric will be 
e 2U = (1 + a/r 2 ). We will find examples of such double-extreme black holes which 
live in the two different branches of the moduli space. The values of moduli will be 
different in two branches, but the metric and therefore the entropy will be the same. 

For the black hole solutions with non-constant moduli, the value of the metric 
at infinity defined by the choice of hj will be the same. However at the horizon the 
metric in two different branches of the moduli space and, consequently, the black 
hole entropy, can be significantly different. 

3. The theory with one independent moduli is relatively easy to understand. It 
may give some insights into the properties of the black holes in more general and more 
interesting cases with many moduli, in particular, related to Calabi-Yau spaces. The 
positive definiteness of the moduli space metric and the gauge couplings has been 
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analyzed in one- moduli case in |T|. In more general situations this will be a more 
complicated problem. 

Consider a simple case of / = 1,2 and generic Cuk and Hi = \Ki. According 
to the discussions above, we have to take our solutions of the near horizon attractor 
equations in |TJ and replace the charges there by the harmonic functions Kj(r) to get 
the full metric. It gives for the two cases of Yj e and Y* m the solutions for the metric 
and for the moduli = 



e eu (r) \ = K 2 (dK 2 + bK 2 -2cK 1 K 2 ) 
I]] p/m " 36M 



+ V 



F{K)L + 2E(K)M ± ^AM 2 V(K) 
36M(L 2 - AMN) 



(21) 



-E( K) ± ^V {K) 
F{K) 



(0W)p/m = TFTlA • (22) 



Here 2 



Cm = a , Cn2 = & , C122 = c , C7 2 22 = d , (23) 

M = c 2 - 6rf , N = b 2 — ac , L = ad - be , (24) 

£>(it) = (MfsT 2 + iVfT 2 + Lif^) , (25) 

E{K) = cK x - bK 2 , F(if) = did - cK 2 . (26) 

The intermediate expressions for Y^ e , Y 2 e and Y^ m) Y 2 m can be found using |I[ and per- 
forming the replacement of charges by harmonic functions. We derived the solutions 
above using the following definitions: 




Y 2 I X 2 \ Y 2 

im / I I re 



im \ / M re 



(27) 



and 



(«"M), = - feLK,) , (e"M) M = (±00 
The moduli space metric is 

3[iV - L0 + M0 2 ] 



[a + 360 + 3c<p 2 + 



K3]2 



(29) 



We assume that L 2 — AMN < and M > 0, iV > so that the metric of the moduli 
space is positive. The metric, however, may have singularities which show that the 
moduli space defined by the constrained surface V = 1 has disjoint branches: the 
multivalued black hole solutions exist in each separate branch of the moduli space. 
The study of the vector space metric (gauge couplings) for the black holes defined 

2 We assume that M ^ and L 2 ^ AMN. 
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above is performed in analogy with the near horizon case in and we find again 
that it is positive. 

The fixed values of moduli at infinity and at the horizon are 



, , ,,v -£( fc ) t y^( fc ) .shot ~ E (Q) ± 



For arbitrary choice of harmonic functions the values of X Kj for two solutions 
(with Y re and Yj m ) are different. But at r — > oo the metric has to be the same, 
e^oo = 1. Fortunately, solutions of such type have been found in ffl. One has to 



require, therefore, that by solving the attractor equations at infinity (19) one gets 
the same value of X ! Kj in case of Y re and Y% m - The equation for our parameters 
specifying this case is: 



A = -k 2 {dk\ + hk\ - 2ck x h 2 ) + V(k) 



F(k)L + 2E(k)M 
(L 2 - AMN) 



. (31) 



In [JTJ] we have found several families of such solutions of the stabilization equations. 
We will use these examples to satisfy the condition ( e2C/ ) p ^ M = 1 at r ^ oo. 

4. To show that the analytic solutions for the multivalued black holes have non- 
trivial examples and to understand the properties of such solutions, we plot some of 
them for a particular choice of Cuk- As the purpose of this paper is to promote the 
multiple critical points of our attractor systems to complete black hole solutions, we 
will use the same one-moduli theory with a — 0, 6=1/3, c = A/3, d = 1 which 
we used in [|J and where we checked that the physical conditions of the positivity of 
the moduli space metric and of the gauge coupling matrix are satisfied. In this case 
the moduli space metric is singular at <fi = 0, <fi ~ —0.27,0 ~ —3.73. It is positive 
everywhere but discontinuous. Therefore the expectation is that if the moduli at 
infinity starts in one of the branches, it will flow to the black hole horizon remaining 
in the same stripe of the moduli space, so that at all r the black hole moduli </>(r) 
is inside of a given branch where it started and the metric g u is smooth all the way 
from infinity to the horizon. This indeed is a property of our solutions. We plot some 
examples of multivalued black hole solutions and their entropy. In all our examples 
we take k\ = 2, k 2 = A. These provide the correct asymptotic behavior of the metric 
e 2U — > 1 and keep the initial values of moduli in two disconnected branches of the 
moduli space: the first one in the branch < <p < +°° an d the second one in the 
branch —0.27 < <fi < 0. In all examples we will plot the moduli <p(r) and the space- 
time metric. We also plot the metric gtt(r) = e _4C7 ^'- ) ; this function tends to near 
the horizon at r = and tends to 1 at r — > oo. To find the entropy we plot for each 
example the value of r 3 e 3U ^ = |Z^ or /6| 3 ' /2 (r) = \Zf lor \ z l 2 (r) near the horizon. The 
black hole entropy is proportional to |Z/ lor | 3//2 (0). 
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It is useful to start with the double extreme black holes: for them the moduli 
does not change, so it definitely stays in the same branch where it started. We 
make here the simplest choice of harmonic functions Kj = ki(l + 1/r 2 ) with k\ = 2, 
k 2 = 4. The plot of moduli in Figure 1 shows that one of them remains equal to 
+ 1 everywhere and the other one remains equal to —0.2. In Figure 1 we also show 
the metric: we find that g tt , is the same for both solutions, as follows from analytic 
expression for the double extreme black holes. The entropy is also the same for these 
two solutions. 

The second example which we plot in Figure 2 is for a choice k\ — 2, k 2 — 
4, Q\ = 0.49, Q2 = 1.8275. This particular choice of charges was taken simply to 
show that one can find a solution with the entropies near the horizon of each black 
hole different 10 3 times. In Figure 2 we plot the two flows of moduli, each in its 
branch of the moduli space. To show that both solutions are nice and smooth, we 
plot gtt(r))p/ M = (e~ 4U< ~ r ^)p/M on two different scales: one shows that both metrics 
at infinity approach 1, the second is closer to the horizon. We also plot the entropy. 
We have to make two different plots, since the first one differs from the second one 
10 3 times. We have plotted many other examples with simple values of charges, like 
1, 3, 5 etc. In such cases we found the entropies in two branches differ moderately, 
like 2 or 10 times. 

Thus we have studied supersymmetric black holes in d=5, N=2 supergravity in 
cases when the moduli space may have disjoint branches with everywhere positive 
metric. We have found black hole solutions in each branch which are different despite 
the black hole charges and the cubic surface defining a supergravity theory are the 
same. The new supersymmetric black hole entropy formula is 

S = S(Q I ,C IJK ,N l ) , (32) 

where the dependence on TV; with / = 1 . . . , k indicates the dependence on the branch 
of the moduli space in case there are k branches. It would be interesting to find the 
multivalued black hole solutions for some parameters which may appear within a 
context of string/M-theory. 

It remains to find out whether this observation of the unusual properties of 
supergravity black holes can be used to probe the properties of the fundamental 
theory. 

I am grateful to A. Chamseddine, S. Ferrara, A. Linde, G. Moore, M. Shmakova, 
and J. Rahmfeld and especially to G. Gibbons and A. Van Proeyen for valuable 
discussions. I am grateful for the hospitality to the Institute of Theoretical Physics 
in Leuven where this work was finished. This work was supported in part by NSF 
grant PHY-9870115. 



8 



References 



[1] R. Kallosh, A. Linde and M. Shmakova, Supersymmetric multiple basin attractors, 
JHEP 11, 010 (1999) |hep-th/991002l . 



[2] G. Moore, Arithmetic and Attractors, |hep-th/9807087| . 

[3] M.Gunaydin, G. Sierra, and P.K. Townsend, Gauging The D = 5 Maxwell-Einstein 
Supergravity Theories: More on Jordan Algebras, Nucl. Phys. B253, 573 (1985) 

[4] S. Ferrara, G. W. Gibbons, and R. Kallosh, Black Holes and Critical Points in Moduli 
Space, Nucl. Phys. B500, 75 (1997), [hep-th/9702103 . 



[5] M. Wijnholt, S. Zhukov, On the Uniqueness of Black Hole Attractors, hep-th/9912002 



[6] M. Gunaydin, G. Sierra and P.K. Townsend, More On D = 5 Maxwell-Einstein Su- 
pergravity: Symmetric Spaces And Kinks, Class. Quant. Grav. 3, 763 (1986). 

[7] K. Behrndt and M. Cvetic, Supersymmetric Domain-Wall World from D=5 Simple 
Gauged Supergravity, |hep-th/9909058 . 



[8] L. Randall and R. Sundrum, An Alternative to Compactification, hep-th /9906064 . 

[9] B. de Wit and A. Van Proeyen, Broken sigma model isometries in very special geom- 
etry, Phys. Lett. B293, 94 (1992) [hep-th/9207091 . 

[10] A. Chamseddine, S. Ferrara, G.W. Gibbons and R. Kallosh, Enhancement of super- 



symmetry near 5d black hole horizon, Phys. Rev. D55, 3647 (1997) bep-th/9610155 



[11] A. Chou, R. Kallosh, J. Rahmfeld, S.-J. Rey, M. Shmakova, and W.K. Wong, Critical 
Points and Phase Transitions in 5d Compactifications of M-Theory, Nucl. Phys. B508, 
147 (1997), |hep-th/9704i"42i 

[12] W.A. Sabra, General BPS black holes in five dimensions, Mod. Phys. Lett. A13, 239 
(1998) |hep-th/9708103| ; A.H. Chamseddine and W.A. Sabra, Metrics admitting Killing 
spmors in five dimensions, Phys. Lett. B426, 36 (1998) |hep-th/98011~6l| ;L Gaida, 
S. Mahapatra, T. Mohaupt and W.A. Sabra, Black holes and flop transitions in M- 



theory on Calabi-Yau threefolds, Class. Quant. Grav. 16, 419 (1999) |hep-th/9807014 



[13] S. Ferrara, R. Kallosh, and A. Strominger, N=2 Extremal Black Holes, Phys. Rev. 
D52, 5412 (1995), |hep-th/9508072| ; A. Strominger, Macroscopic Entropy of N = 2 
Extremal Black Holes, Phys. Lett. B383, 39 (1996), |hep-th/9602lTT . 



[14] S. Ferrara and R. Kallosh, Supersymmetry and Attractors, Phys. Rev. D54, 1514 
(1996), |hep-th/960213(: ; S. Ferrara and R. Kallosh, Universality of Supersymmetric 
Attractors, Phys. Rev. D54, 1525 (1996), |hep-th/960309C| . 



[15] M. Shmakova, Calabi-Yau Black Holes, Phys. Rev. D56, 540 (1997), |hep-th/9612076 



9 



4> 



1 

0.8 
0.6 
0.4 
0.2 



10 



15 



20 



r 



-0.2 




r 



2 4 6 8 10 



^3/2 2. 

1.75- 
1.5- 
1.25- 

1 

0.75- 
0.5 - 
0.25- 

f 

0.002 0.004 0.006 0.008 0.01 

Figure 1: An example of a multivalued double extreme black hole with everywhere con- 
stant moduli, which are different in two branches of the moduli space. The metric (and 
therefore the entropy) for both choices of moduli are the same. 
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Figure 2: An example of a black hole solutions with two attr actors, one for each branch 
of the moduli space. The metric and the entropy differ strongly near the horizon. The 
entropy of these black holes differs 10 3 times. 
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